What is the minimal closed cone containing all f -vectors of cubical d-polytopes? We construct cubical polytopes showing that this cone, expressed in the cubical g-vector coordinates, contains the nonnegative g-orthant, thus verifying one direction of the Cubical Generalized Lower Bound Conjecture of Babson, Billera and Chan. Our polytopes also show that a natural cubical analogue of the simplicial Generalized Lower Bound Theorem does not hold.
Introduction
Understanding the possible face numbers of polytopes, and of subfamilies of interest, is a fundamental question, dealt with since antiquity. The celebrated g-theorem, conjectured by McMullen [McM71] and proved by Stanley [Sta80] (necessity) and by Billera and Lee [BL81] (sufficiency), characterizes the fvectors of simplicial polytopes. Here we consider f -vectors of cubical polytopes; a d-polytope Q is cubical if all its facets are combinatorially isomorphic to the (d − 1)-cube. Adin [Adi96] proved analogues of the Dehn-Sommerville relations for cubical polytopes, thus encoding the f -vector of Q by its (long) cubical g-vector g c (Q) = g
Preliminaries
The purpose of this section is mainly to set the notation that we will use throughout the paper. For undefined terminology we refer the reader to [Zie95] . A d-dimensional polytope P is the convex hull of a finite set of points in R d which affinely span R d . A (proper) face σ of P is the intersection of P with one of its supporting hyperplanes, the dimension dim σ of σ is then the dimension of the affine span of that intersection. The faces of dimensions 0, 1, and d − 1 are called vertices, edges, and facets, respectively. The empty set ∅ and the polytope P itself are called trivial faces and have dimensions −1 and d, respectively. We will abbreviate and write d-polytope and i -face to denote dimension. We denote by Vert(P ) the set of vertices of P , and for a vertex v ∈ Vert(P ), we denote by P / v the vertex figure of P at v , that is, P / v is a (d − 1)-polytope obtained as the intersection of P with a hyperplane which strictly separates v from Vert(P ) \ {v }; the face lattice of P / v does not depend on the seperating hyperplane chosen.
A polytopal complex K is a finite collection of polytopes in R d such that (i) the empty polytope is in K,
(ii) if P ∈ K then all faces of P are also in K,
(iii) if P, Q ∈ K then P ∩ Q is a face of both P and Q.
The dimension dim K of K is the maximum of dim P over all P ∈ K; we say that K is a dim K-complex. The elements in K are called faces; the faces of dimension dim K are called facets. For F ∈ K we define the (open) star of F and the antistar of F , respectively, by
The number of i -faces in K is denoted by f i (K), and the f -vector of K is f (K) = (f 0 (K), f 1 (K), . . . , f dim K (K)). The f -polynomial of K is defined by
where f −1 (K) = 1 for any nonempty K.
For a polytope P we denote by P the complex of all faces of P . The boundary complex ∂P is the complex formed by all the proper faces of P , that is ∂P = P \ {P }. We also define the f -vector and f -polynomial of P by f (P ) = f (∂P ) and f (P, t) = f (∂P, t). We use lk v (P ) to denote the boundary complex ∂ ( P / v ) of the vertex figure of P at v .
Simplicial complexes and polytopes
A simplicial complex is a polytopal complex in which all polytopes are simplices. Let K be a simplicial (D − 1)-complex; the h-polynomial of K is defined by
For two simplicial complexes K and L we define the join K * L to be the simplicial complex whose simplices are the disjoint unions of simplices of K and simplices of L.
A polytope is simplicial if each of its proper faces is a simplex. For a simplicial polytope P we write h(P, t) to mean h(∂P, t), and similarly h i (P ) := h i (∂P ) and g i (P ) := g i (∂P ).
A simplicial d-polytope P is called k-stacked if P has a triangulation in which there are no interior faces of dimension less than d − k. A simplicial polytope P is called k-neighborly if each subset of at most k vertices forms the vertex set of a face of P . We denote by C(d, n) the cyclic d-polytope with n vertices:
where t 1 < t 2 < · · · < t n and x(t) := t, t 2 , . . . , t d is the moment curve in R d .
Cubical complexes and polytopes
A cubical complex is a polytopal complex in which all polytopes are combinatorially isomorphic to cubes. Let Q be a cubical (d − 1)-complex, the short cubical h-polynomial is defined by
When Q is clear from the context, we may sometimes drop it from the notation, as we do in the following few definitions.
and the corresponding (short and long) cubical g-vectors are defined, as in the simplicial case, by
A polytope is cubical if each of its proper faces is combinatorially a cube. Adin [Adi96] showed that any cubical d-polytope Q satisfies an analogue of the Dehn-Sommerville relations:
In analogy with the simplicial case, [BBC97] defined cubical neighborliness and cubical stackedness: a cubical d-polytope is k-neighborly if it has the k-skeleton of a cube (of some dimension); it is k-stacked if it has a cubical subdivision with no interior faces of dimension less than d − k.
Each vertex figure in a cubical d-polytope P is a simplicial (d − 1)-polytope; we finish this section with the relation known as Hetyei's observation:
It shows that the cubical Dehn-Sommerville relations follow from the simplicial ones. The boundary complex of MW(K, D, N; x) is thus described by
McMullen and Walkup have shown that MW(2k, D, N; x) is k-neighborly and k-stacked, thus satisfying
The proof [MW71, p. 269] that MW(2k, D, N; x) is k-neighborly and k-stacked actually shows:
is ⌊K/2⌋-neighborly and ⌊K/2⌋-stacked. In particular, for
The vertices of C come with a natural total order v 1 < v 2 < · · · < v N−D+K , inherited from the order t 1 < t 2 < · · · < t N−D+K of the parameters in the definition of C. We take x to be the last vertex in that ordering, denoting the resulting polytope simply by MW(K, D, N). Removing x = v N−D+K , we extend the order v 1 < · · · < v N−D+K−1 of the remaining vertices of C to an order with boundary complex
We now show that the complex above is equal to lk
is contained in the complex (5). Similarly, for the other direction, take a face F ′ in the complex (5) and observe that F ′ ∪ {v 1 } is in the boundary complex of MW(2k, D, N), as described in (2).
The Sanyal-Ziegler construction
We give a very brief sketch of the construction, focusing on the combinatorial description of vertex figures. The reader is prompted to confer with the paper [SZ10] , or with Sanyal's diploma thesis [San05] . Let (P, <) be a simplicial (d − 2)-polytope with n − 1 vertices, totally ordered by <. Label the vertices v 1 , . . . , v n−1 ∈ R d −2 according to the given order v 1 < v 2 < · · · < v n−1 , and assume that the vertices are in general position, i.e., no d − 1 vertices of P lie on a hyperplane. We start by defining the lexicographic diamonds of P .
Lexicographic diamonds
Let w 1 , . . . , w n−1 ∈ R be a set of heights, and denote by
and consider the (d − 1)-polytope D(P, w ) = conv(V w , p). We call D(P, w ) the diamond over P with heights w , noting that, for w 0 big enough, the combinatorial type of D(P, w ) is independent of the choice of the point p. Projecting the lower envelope of D(P, w ) onto P shows that ast p (D(P, w )) is a polytopal subdivision of P . Of special interest are the subdivisions of P induced by the heights (w 1 , w 2 , . . . , w n−1 ) = (±h, 0, . . . , 0) with h > 0. The subdivision of P induced by (−h, 0, . . . , 0) is obtained by pulling v 1 ; it is a triangulation of P , and its facets are the pyramids with apex v 1 over facets in P ∩ P 1 where P 1 = conv(v 2 , . . . , v n−1 ). The subdivision of P induced by (h, 0, . . . , 0) is obtained by pushing v 1 , and its facets are the pyramids with apex v 1 over facets in P 1 \ P , plus one (possibly non-simplex) facet P 1 . The a-th lexicographic subdivision Lex a (P ) of P is the polytopal subdivision of P obtained by successively pushing the vertices v 1 , . . . , v a−1 , and then pulling v a . That is, pushing v 1 creates a subdivision with one non-simplex cell P 1 , which we replace by its subdivision obtained by pushing v 2 , which, in turn, has only one non-simplex cell P 2 = conv{v 3 , . . . , v n−1 }, and so on, until we finally replace P a−1 = conv{v a , . . . , v n−1 } by its triangulation obtained by pulling v a .
The above iterative procedure amounts to choosing a set of heights w 1 , . . . w n−1 with
The resulting diamond (with w 0 ≫ w 1 , −w a ), denoted D a = D(P, w ), is called the a-th lexicographic diamond. Its vertices are labeled v 0 , v 1 , . . . , v n−1 , with v 0 corresponding to the apex p; thus ast v0 (D a ) = Lex a (P ).
Remark 7. Note that pushing or pulling a vertex in a simplex has no effect, thus the (possibly) different diamonds are D a with 1 ≤ a ≤ n − d + 1.
The vertex figures of Q
Plugging G into the deformed cube template (see [SZ10, Definition 3.1]) produces a combinatorial n-cube C = C n (G). The projection π d (C) of C onto the last d coordinates is the cubical polytope Q = Q(P, <) mentioned in the introduction.
The following key result from [SZ10] 1 states that each vertex figure of Q is combinatorially equivalent to some diamond D a and, moreover, specifies which diamond corresponds to a given vertex v of Q. 
The cubical polytopes Q(k, d , n)
Fix positive integers k ≥ 1 and n ≥ d ≥ 2k +2. We apply the Sanyal-Ziegler construction to the McMullenWalkup polytope P = MW(2k, d − 2, n − 1), with a total order < on its vertices as described after Lemma 5 above. The result is a d-dimensional cubical polytope Q = Q(k, d, n) = Q(P, <) with 2 n vertices. We now compute its cubical g-vector g c (Q), in stages.
Computing
By Hetyei's observation (1) we have
Therefore, by Lemma 8, for each 1
We now compute the g-vectors of the diamonds D a at hand, namely for our choice of (P, <). First we compute g(D 1 ), a computation that is then used to compute g(D a ) for general a. 
1 Theorem 3.7 in [SZ10] actually contains a typo, having n − d − 1 instead of the correct value n − d + 1. Their proof, however, does give the correct value. Further, [SZ10, Theorem 3.7] is stated for Q(P, <) where P is neighborly; however, their proof holds verbatim for any simplicial polytope P .
Proof. Let B 1 = Lex 1 (P ), namely the simplicial (d − 2)-ball triangulating P by starring from v 1 . Then
Note that, strictly speaking, the simplicial complexes actually considered here are ∂D 1 , B 1 and ∂P , of dimensions d − 2, d − 2 and d − 3, respectively. The corresponding h-polynomial is
To compute h(B 1 , t), observe that
The h-polynomial is therefore
Summing up, we have h(D 1 , t) = (1 + t) · h(P, t) − t · h(lk v1 (P ), t)
Using (3), Lemma 6 and Lemma 5, we compute the right-hand side of (7) to obtain the result. Note that K is the boundary complex of a polytope, namely of the (a − 1)-lexicographic diamond over P 1 = MW(2k, d − 2, n − 2); denote this diamond by Y a−1 (n − 1). Then, by Lemma 6
We may again contract the edge between the first vertex of P 1 and the apex v 0 in Y a−1 (n − 1) to obtain Y a−2 (n − 2). We do these edge contractions a − 1 times, and get
and therefore
As Y 1 (n − a + 1) is the 1-lexicographic diamond over MW(2k, d − 2, n − a), the claimed result follows from Proposition 9, Lemma 5, and the identity
Combining (6) with Propositions 9 and 10, and noting that 0 k = 0 for k ≥ 1, we conclude
Computing g c (Q(k, d, n))
In order to compute the cubical g-vector of Q, and in particular g 
Proof. Fix k ≥ 1, and denote
We will prove that L m = R m for all m ≥ 0, by induction on m.
. Thus it suffices to prove that R m+1 = R m + 2 m m+1 k as well. Indeed,
as claimed.
The values of g c i (Q) for i ≤ k + 1 now follow easily from Corollary 11. It also follows that
and all that remains is to show that g c k+2 (Q) = 0. Indeed, by (9) and Corollary 11,
Using Lemma 12 with m = n − d gives, indeed, g 
Proof. The polytope Q is cubical k-neighborly by [JZ00, Theorem 16] or [SZ10, Theorem 3.2]; this also follows from our explicit computation of its (short) cubical g-vector. By Theorem 13, g c k+2 (Q) = 0. Assume by contradiction that Q is cubical (k + 1)-stacked, so Q has some cubulation Q ′ , namely a subdivision into (combinatorial) cubes, without interior (d − k − 2)-faces. Let C n be the deformed n-cube that Q is a projection of.
Lemma 16. All faces of Q ′ must be faces of C n .
Proof. Consider an m-cube F of Q ′ . Since Q ′ has no interior 1-faces, the 1-skeleton of F is in Q, and so also in C n . Now, any 1-dimensional subcomplex of C n which is isomorphic to the graph of an m-cube, is the 1-skeleton of an m-face of C n .
Next, the cubulation Q ′ induces a set of compatible triangulations of the vertex figures. We extend the notation for the boundary complex of the vertex figure in a polytope, and denote by lk v (B) the simplicial complex whose face lattice is the ideal above the vertex v in the face lattice of B, with B a simplicial complex or a cubical complex. In order to identify the facets in the unique (k + 1)-stacked triangulation S(D a ) of D a , we first identify the missing faces of D a , namely its minimal non-faces. Kalai [Kal94] and Nagel [Nag08] showed that if g i (R) = 0 for a simplicial j-polytope R, then R has no missing ℓ-faces for i ≤ ℓ ≤ j − i . ∂T * ast x (Lex a (C)).
Proof. By the construction of P , for a subset F of Vert(P ) (so that x / ∈ F ), we have:
• F is a face of P , with Vert(T ) ⊆ Vert(F ), iff (Vert(F ) \ Vert(T )) ∪ {x} is the set of vertices of a faceF of C, and
• F is a face of P , with Vert(T ) ⊆ Vert(F ), iff Vert(F ) \ Vert(T ) is the set of vertices of a faceF of C.
Now, let F be a face added when pulling v 1 in P . Then F = v 1 * F ′ , with F ′ a face of P , and F ′ a face of P 1 = conv(v 2 , ..., v m ). With the notation above,F ′ is a face of both C and C 1 , and thusF = v 1 * F ′ is added when pulling v 1 in C. Similarly, when pushing v 1 in P , we add faces F (and v 1 * F ) of P 1 which are non-faces of P , and soF is a face of C 1 , and a non-face of C, and thus is added when pushing v 1 in C. Reversing the argument shows that faces added when pushing/pulling v 1 in C give corresponding added faces in pushing/pulling in P . When constructing Lex a (P ) and Lex a (C) sequentially, we always push/pull v 1 in a suitable MW-polytope and the corresponding suitable cyclic polytope C, hence (10) follows.
We need some terminology, to be used in the following two propositions: let G be a subset of the set {v 1 , . . . , v n−d +2k+1 } of vertices of the cyclic polytope C. A block B ⊆ G is a maximal (with respect to inclusion) subset of G consisting of consecutive vertices, B is inner if min B > v 1 and max B < v n−d +2k+1 = x, and B is even / odd if its size is. We call a subset of vertices of C isolated if no two of them are consecutive. Recall that p denotes the apex of the diamond D a of P = MW (2k, d − 2, n − 1).
Proposition 18. For any 1 ≤ a ≤ n − d + 1, the missing faces in D a of size k + 1 or k + 2 are exactly the sets of the following two types:
Proof. Any missing face F of D a must contain a missing face of P , and is either of the form (i) {p} ∪ F ′ where F ′ is an interior face of the ball Lex a (P ), or
(ii) a missing face of ∂P which is not a face of Lex a (P ), or (iii) a missing face of Lex a (P ) containing a missing face F ′ of ∂P as a strict subset.
Using Lemma 17 we can replace P by C in (i), (ii) and (iii), and F contains a missing face of C not containing x.
By the Gale evenness criterion, a subset of i vertices of C forms a face of C iff it contains at most 2k − i inner odd blocks. It follows that the missing faces of C are exactly the sets of k + 1 isolated vertices, containing at most one element of {v 1 , x}.
Let F
′ be a missing face of C, x / ∈ F ′ , with min F ′ = v i , and denote
′ is a missing face in Lex a (C), hence F = F ′ is a missing face of D a of type (ii).
If i < a, C i +1 blocks v i from seeing F ′ \ v i , so F ′ is missing in Lex a (C), and so F = F ′ is a missing face of D a of type (ii). Now, we will show that missing faces of type (iii) do not exist, and thus the characterization in the statement will follow. Indeed, assume F to be of type (iii), and denote {z} = F \ F ′ (indeed this difference set must be a singleton as |F ′ | = k + 1 < |F | ≤ k + 2 and F ′ ⊆ F ). As F ′ ∈ Lex a (C), the discussion above shows min(F ′ ) = v a . If z = min F , then min F = v a , and z is adjacent to some vertex of F ′ (else F \ {v a } would be missing in Lex a (C)). But there is no missing face containing v a in Lex a (C a ) so F is in Lex a (C a ), hence also in Lex a (C), a contradiction. If z = min F , then F \ {v a } is a missing face of D a of type (ii), a contradiction.
To conclude, note that the items (i) and (ii), with C replacing P , are restatements of (1) and (2) Proof. Let Y be a d-set that forms a facet of S(D a ). Then Y cannot contain more than 2k + 1 vertices of C \ {x}, because then it would contain two disjoint missing faces of C, one of which must be of type (2). Clearly, Y has to contain at least 2k vertices of C \ {x}. So, by Proposition 18, Y is either of the form • 2k vertices of C \ {x}, the apex p, and all of the vertices of T , or
• 2k + 1 vertices of C \ {x}, and all of the vertices of T .
If Y has 2k + 1 vertices of C \ {x}, then it contains k + 1 isolated vertices of C \ {x}, so min Y = a, since Y contains no missing faces of type (2), and p / ∈ Y since Y contains no missing faces of type (1). These are the d-sets of type (II) in the statement. Otherwise, Y has 2k vertices of C \ {x}, and hence must contain p and all vertices of T , and since Y does not contain missing faces of type (1) or (2), it must be of type (I). 
